The weak measurements based amplification of ultra-small phase was proposed in our previous work. Due to the technical imperfections, the ability of amplification is usually limited in practice. Here we introduce the concept of cascaded weak measurements amplification so that the ability of weak measurements amplification can be further improved. A formula of determining the cascaded number of weak measurements amplification is derived. The method presented here could be found useful in high precision measurement e.g., gravitational waves detection.
The amplification of ultra-small phases by using weak measurements has been discussed and a weak measurement amplification based laser interferometer gravitational-wave observatory i.e., WMA-LIGO was suggested in our previous work [1] . Here, we introduce the concept of cascaded weak measurements amplification of ultra-small phases with which the amplification factor limited by technical imperfections can be further improved.
The key idea of weak measurements based ultra-small phase amplification (WMPA), which is contrary to weak value amplification (WVA) [2] [3] [4] [5] [6] , is to transform the ultra-small phase into the larger rotation along the equator of the Bloch sphere via appropriate post-selection [1] . The WMPA overcomes the difficulties of ultra-small phase amplification by using WVA and provides a universal amplification scheme of ultra-small phase. Contrary to WVA, which is a linear amplification with amplification factor determined by weak value, the WMPA is nonlinear, and this implies that WMPA opens a new way of amplification in the framework of weak measurements.
To see how WMPA works, we consider a two-level system initially prepared in the superposition state of |ψ i S = (|0 + |1 )/ √ 2. To simplify the calculation and practical realization, we choose a discrete pointer e.g., polarization of photons initially prepared in diagonal state |+ P = (|H + |V )/ √ 2 with |H and |V represent horizontal and vertical polarization states respectively. The initial composite state of photons is |Ψ SP = |ψ i S ⊗|+ P with |0 , |1 represent two different path states. The state of |Ψ SP can be easily prepared by sending photons in polarization state |+ through a beam splitter (BS). As for the interaction between the system and the pointer, we introduce the unitary operation of a control-rotation
with θ is the ultra-small phase to be measured. The * mengjun@mail.ustc.edu.cn † yshzhang@ustc.edu.cn evolved state of photons becomes
The control-rotation rotates the state of the pointer along the equator of the Bloch sphere with an angle θ if the system is in state |1 and does nothing for state |0 . The control-rotation operation introduces phase signal into the pointer's state in a natural way and can be easily realized in practice e.g., via polarization-type Michelson interferometer [1, 7] . In order to realize amplification of the phase signal θ, post-selection of the system after interaction is necessary. Suppose that the post-selected state has the form of |ψ f S = cosχ|0 + sinχ|1 , then the pointer's state after post-selection becomes (unnormalized) Since the phase θ 1, in the first order approximation cosθ = 1 and cosχ + sinχe iθ = (cosχ + sinχ)e iγ . The normalized state of the pointer after post-selection thus has the form of
with error of order o(θ 2 ). The amplification factor h, in the first order approximation, is determined by
which illustrates that the amplification factor h is determined solely by the choice of post-selected state |ψ f S . A large h can be obtained by letting χ = −(π/4 + δ) with δ 1 represents the precision of χ such that cotχ = −1 + δ in the first order approximation and
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It should be noted here that δ = 0 is forbidden by the process of amplification though h still has a definite value. In the case of δ = 0, the state of the pointer |φ P after post-selection will be |V according to Eq. (3) and the phase signal θ is lost in a global phase that cannot be extracted in any way. In practice, the angle δ, which determines the ability of amplification, cannot be arbitrarily small due to technical imperfections e.g., non-ideal of optical elements and its calibration. There are two ways to improve the ability of amplification further, one depends on significant technical improvement such that high quality and precision of optical elements are obtainable, the other is to find a new method to conquer the limitation of technology. The idea of cascaded weak measurements based ultra-small phase amplification (CWMPA) offers such a method.
The idea of the CWMPA is inspired by the famous Cavendish torsion balance experiment in which the ultrasmall gravitational force is amplified twice. The basis of the CWMPA is the fact that the state of pointer |ϕ P , after post-selection, has the same form as the state of pointer |H + e iθ |V with the phase signal θ introduced and the error only has an order of magnitude o(θ 2 ). With the extended dimensions of the system, the amplified phase signal γ thus can be amplified via WMPA again and again until the total error approach unacceptable level. For simplicity of illustration, we will consider a system with three dimensions and demonstrate two successive amplification of the phase signal θ.
Suppose that photons are initially prepared in the superposed path state |ψ i S = a|0 + b|1 + c|2 with |a| 2 + |b| 2 + |c| 2 = 1 and polarization state |+ P . Consider the control-rotation operation
such that the evolved state of photons becomes
We first perform the post-selection in the subspace spanned by |1 , |2 with post-selected path state |3 = d|1 + f |2 . The composite state of photons, after postselection, becomes (unnormalized)
with success probability Tr(|Ψ p SP Ψ p |). Here we implicitly assume that all coefficients to be real. For the ultra-small phase θ 1, we have
since that bd + cf e iθ = (bd + cf )e iγ in the first order approximation with error of order o(θ 2 ). When the postselected state |3 is properly chosen, we can obtain the amplified phase γ > θ. The ability of amplification is usually limited by technical imperfections in practice. In order to amplify phase signal further, we then perform post-selection in the space spanned by |0 , |3 with postselected path state |4 = m|0 + n|3 . The polarization state of photons, which acts as the probe, after postselection, becomes (unnormalized) |φ P = 4|Ψ p SP = (am + qn)|H + (am + qne iγ )|V (12) with q = bd + cf . As am + qne iγ = (am + qn)e iφ in the first order approximation with error of order o(γ 2 ) when γ 1, the final state of the pointer reads
with tanφ = sinγ cosγ + am/qn .
The amplified phase signal φ can be obtained when m, n are properly chosen such that am + qn → 0. The total amplification factor of two successive amplifications is given by
where h 1 , h 2 represent the factor of amplification in the first and second amplification respectively. Although we only demonstrate the case of two successive amplification above, it applies to the case of three or more as long as the total error of order is limited in a acceptable level. The number of successive amplification is determined by the total error ∆θ t , which depends on the order of magnitude of the θ and the ability of amplification in each amplification limited by technical imperfections. Assume that the factor of amplification in each amplification has the same order of magnitude denoted byh, then the approximate number of cascade amplification N is given by (See Appendix for detail derivation)
where = ∆θ t /θ represents the precision of error that given by practical requirement. In the case of gravitational waves detection θ ≈ 10 −12 , ifh = 10 2 and = 10
then N = 5. This value is consistent with the intuitively estimation by (h) N = 1/θ. In the practical situation, however, the N will be limited by our technical competence of realizing cascaded amplification. Fig. 1 shows the schematic diagram of realizing two successive amplification of ultra-small phase based on weak measurements amplification. It can be easily extended to the case of more successive amplification measurement. The setup of cascaded amplification shown in Fig. 1 consists of six parts i.e., laser source, initial state preparation, signal collection, first amplification, second amplification and signal detection. The laser source with input mode cleaner produces linear polarized light in the state |+ = (|H + |V )/ √ 2 with high stability. BS1 and BS2, which have coefficients of reflection and transmission r 1 , t 1 and r 2 , t 2 respectively, realize preparation of the initial state of photons
where |up , |middle , |down represent the path states of up arm, middle arm and down arm respectively. The photons, which transmits the BS1 in the up arm, flies to the polarizing Michelson interferometer (PMI) that used for the collection of phase signal θ. The PMI consists of one polarizing beam splitter (PBS1), two quarter wave plate (QWP) that rotated at π/4 and two reflective mirrors. It outputs photons from the down port of PBS1 with the measured phase signal θ manifests itself as rotational angle of polarization state of output photons. When the input photons is in the polarization state (|H + |V )/ √ 2, the output photons has the polarization state (|H + e iθ |V )/ √ 2. The polarization state of photons that flies along path of middle and down arms will not be changed such that the state of photons before post-selection becomes
The first post-selection is completed by BS3 in which the post-selected photons comes out from the down port of BS3 with the path state
where r 3 , t 3 are coefficients of reflection and transmission of BS3. The composite state of photons, after first postselection, reads (unnormalized)
in the first order approximation with κ = t 1 t 3 + r 1 r 2 r 3 and tanγ = sinθ cosθ + (r 1 r 2 r 3 )/(t 1 t 3 )
.
The amplified phase signal γ can be obtained by choosing t 3 , r 3 properly. Due to the technical imperfection e.g., non-ideal of BS3, the amplification factor h 1 = γ/θ is usually limited and the second amplification is needed for further amplification. The second amplification, which depends on post-selection, is fulfilled by BS4 with coefficients of reflection and transmission r 4 and t 4 . Similar to the case of BS3, the post-selected photons comes out from the down port of the BS4 with the path state |ν = t 4 |µ + r 4 |down .
The polarization state of the post-selected photons, in the first order approximation, becomes
with tanφ = sinγ cosγ + (r 1 t 2 r 4 )/(κt 4 )
The final amplified phase signal φ can be extracted by sending the post-selected photons into the polarization analyser (PA) consists of a HWP, a QWP and PBS2. In the case that measurement basis is {|R , |L } with |R = (|H + i|V )/ √ 2 and |L = (|H − i|V )/ √ 2, the difference intensity of the two detectors D 1 , D 2 gives ∆I = I 0 sinφ = I 0 sin(h t θ)
where I 0 is the intensity of post-selected light and h t is the total amplification factor.
In conclusion, the cascaded weak measurements amplification of a ultra-small phase is introduced here, which can be used to further improve the ability of amplification limited by technical imperfections. This method, which inspired by Cavendish torsion balance experiment, is based on the previous work of weak measurements based amplification of ultra-small phases [1] and can be very useful in the practical high precision measurement e.g., the detection of gravitational waves when technical issues must be taken into considerations.
